Part 3.
Nonnegative Matrix Factorization <
K-means and Spectral Clustering
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Nonnegative Matrix Factorization
(NMF)

Data Matrix: 77 points in p-dim:
IS an image,

X = (Xl,X ,“',Xn) X' document,

webpage, etc

X ~ FG'

Decomposition
(low-rank approximation)

Nonnegative Matrices

X, 20,F, 20,G, >0

)

F=(f,f, - f) G=(0,0,,0)
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Some historical notes

o Earlier work by statistics people

* P. Paatero (1994) Environmetrices

e Leeand Seung (1999, 2000)

— Parts of whole (no cancellation)
— A multiplicative update algorithm
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PCA &

Parts-based perspective
Original X — (Xl’ X21. .«

NMF
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Sparsify F to get parts-based picture
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X ~ FGT F = (fl’ fz,'“, fk) Li, et al, 200; Hoyer 2003
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Theorem.
NMF = kernel K-means clustering

NMF produces holistic modeling of the data

Theoretical results and experiments verification

(Ding, He, Simon, 2005)
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Data Clustering

Our Results: NMF
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Theorem: K-means= NMF

e Reformulate K-means and Kernel K-means

max Tr(H ' WH)

H'H=I,H>0

e Show eguivalence

min ||W-HH"|F
>0

H H=I H
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NMF = K-means

H =argmax Tr(H "WH)

HTH=I ,H>0
= argmin[-2Tr(H "WH)]
H'H=I,H>0
= argmin[HWH2 2Tr(H ' WH) || H ' H2
HTH=I,H>0
= argmin ||[W-HH'|
HTH=I,H>0
= argmin ||W—-HH ||
H>0
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creeer?] o Spectral Clustering = NMF

: C.,C C.,C C.,G-C
Normalized Cut: Iyt = Z(S( 5 ), & 5 l)j:ZS( k d 2
<k,|> k I K k

h (D-W)h he (D-W)h,
= _|_..._|_
hy Dhy hy Dhy

Ny

Unsigned cluster indicators. vy, = b¥2(0.--0,1--1,0---0)T /|| DY2h, ||

Re-write: ~ ~
Inat Vo Vi) = V1 (1 =W)y; +-+ yg (1 W)y,

~

=Tr(Y' (1 =W)Y) W =D V3D V2
Optimize: mYaxTr(YTW Y),subjectto Y'Y =1

Normalized Cut=> _Min IW—HH"|I
HTH=I ,H>0

(Gu, et al, 2001)
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Advantages of NMF over standard K-means

Soft clustering

5 10 15 20 25 20 35
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NG2:
NGO:
NG10:
NG15:
NG18:

cosine similarity

Experiments on Internet Newsgroups

comp.graphics
rec.motorcycles
rec.sport.baseball
sci.space
talk.politics.mideast

1000 words

100 articles from each group.

Tf.idf weight. Cosine similarity

Accuracy of clustering results

K-means |W=HH’
0.531 0.612
0.491 0.590
0.576 0.608
0.632 0.652
0.697 0.711

utorial, ChrisDiTg
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Summary for Symmetric NMF

e K-means, Kernga K-means
» Spectral clustering

max Tr(H ' "WH)

H 'H=I H>0

 Equivalenceto
min ||W-HH"|F

H 'H=I H>0
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Nonsymmetric NMF

e K-means, Kernga K-means
» Spectral clustering

max Tr(H ' "WH)

H 'H=I H>0

* Equivalenceto
min ||W-HH"|F

H 'H=I H>0
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Non-symmetric NMF
Rectangular Data Matrix

Bipartite Graph

 Information Retrieval: word-to-document
 DNA gene expressions

e Image pixels

o Supermarket transaction data
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Simultaneous clustering of rows and columns

K-means Clustering of Bipartite Graphs

. , row 1 0
R1 ' R ST
. indicators |1 O
rl r2 3 r4 | 5 16 17 = (fl, fz, fs) —F
O : | O O O 1
o o 0 | O o
cl 02C103 c4 : cS C206 column o
| indicators =(0.,0,,0.) =G
cut 10 (0:,9,,9;)
_O 1_
K S(BR- c-)
‘]Kmeanszz — :Tr(FTBG)
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NMF = K-means clustering

H =argmax Tr(F'BG)
Fsz_I F>0

=argminTr(-2F ' BG)
FTF:J,on

=argminTr(|| B|f -2F 'BG+ F'FG'G)
F'F=I,F>0

=argmin|B-FG' |
FTF=1,F>0

G'G=1,G20
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Solving NMF with non-negative least square
J=||X-FG'|},F=0,G=0

Fix F, solvefor G; Fix G, solvefor F

/g\
n —_ .1
I=2 1% -F§IF.G=| ;

\gn/

Iterate, converge to alocal minima
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| Solving NMF with multiplicative updating
J=||X-FG'|F,F=0,G=0

Fix F, solvefor G; Fix G, solvefor F

Lee & Seung ( 2000) propose

(XG), (XTF),
F.«F ' G, « G :
" Y(FG'G), o T (GFTR),
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S— Y Symmetric NMF

J=||W-HHT|?,H=>0
Constraint Optimization. KKT 15t condition

Complementarity slackness condition

oz(a—Jj Hy = (—AWH +4HHTH), H,,

oH ).,
Gradient decent 53 H
Hy < Hy —& Eix = T
aHik A4(HH H).,

(WH),,
Hik — Hik(l_ﬁ-l_ﬁ(HHTH)ik)

PCA & Matrix Factorization for Learning, ICML 2005 Tutorial, Chris Ding

121



L] FN::r\f" m‘

Summary

e NMF Is a new low-rank approximation
e The holistic picture (vs. parts-based)

e NMF Is equivalent to spectral clustering
 Main advantage: soft clustering
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