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essentially makes the decision to put u and u on
opposite sides of the partition, postponing for IDe time
being the decision as to which sides those are to be.)

It is easy to prove inductively that at any point in the
construction we will have constructed a forest in which
each tree contains exactly one live vertex, and the label
of that vertex is precisely the value of the partition
induced by that tree (the difference between the sums of
the two sets that we obtain by 2-coloring that tree).
Thus, the value of the eventual partition formed is
simply the label of the final live vertex.

For random instances of the type we have been dis­
cussing, the expected value of this final label is thought
to be O(I/n'ogn), which is asymptotically smaller than
the expected smallest move size for any of the neighbor­
hoods SWk' (The 0(1/ n10g n) has not actually been
proved for the differencing algorithm, but rather for a
variant specially designed to simplify the probabilistic
analysis (Karmarkar and Karp). There is no apparent
reason, however, why this variant should be better than,
or even as good as, the original.) Although O(I/n1ogn)

is still far larger than the expected optimum, it offers
formidable competition to other approaches, and simu­
lated annealing would have to improve substantially on
local optimization to be in the running. Can it do so?

3.3. Implementation Details

To investigate this question, we construct implementa­
tions based on both the I-swap and 2-swap neighborhood
structures. Note that, if all the annealing parameters of
our generic algorithm in Figure 1 are fixed, the latter
implementation will take much more time per tempera­
ture, as its neighborhood size is n + n(n - 1)/2 =
(nz + n)/2 versus simply n for the SW1 neighborhood.
The neighborhood size for SWk , k> 2 would analo­
gously have been Q(n k ) and we abandon all those
neighborhood structures as computationally infeasible.

Among the problem-specific subroutines used in our
implementation only the INITIAL_SOLN() and
NEXT_CHANGE( ) routines merit detailed discussion.
(The others are determined by our choice of neighbor­
hood structure and the details of the problem itself.) For
our initial solution, we pick a random partition by inde­
pendently "flipping a fair coin" for each ai to decide
the set to which it is assigned. To pick a random
neighbor under SW" we simply choose a random ele­
ment of A and move it from its current set (A 1 or A z)
to the other set. Rather than choose a new random
element each time NEXT _CHANGE( ) is called, how­
ever, we initially choose a random permutation of A,
and then at each call simply choose the next element in
the permutation, until the permutation is used up. Every

I(armarkar et al. (1986) have shown that the expected
value of the optimal solution value OPT(1n) is
O( iii /2 n), i.e., exponentially small. In contrast, the
expected value of the smallest cost difference between
neighboring solutions under neighborhood SWk is about
1/nk , only polynomially small. Thus, any reasonable
solution will be a local optimum of the neighborhood
structure and will be buried in a deep" valley" of the
solution space, i.e., all its neighbors will have values
that are worse by very high multiplicative factors. More­
over, the most frequent such local optima will them­
selves be worse than the best by very high multiplicative
factors. Thus, a local optimization algorithm, if started
from a random partition, is almost certain to stop at a
relatively bad solution.

Can simulated annealing do any better? Given the fact
that annealing allows occasional uphill moves and runs
for a long time, we would expect a typical annealing run
to visit many distinct local optima, and so the best
solution it sees should most likely be better than the
average solution found by local optimization. But would
it be the case (as it was for graph partitioning) that this
best is better than what could be obtained by simply
spending the same amount of time performing multiple
runs of local optimization from random starts? The
"mountainous" nature of the solution space raises
doubts.

Moreover, it will not be enough merely to improve
slightly on local optimization. This is because there
exists an efficient algorithm, not based on local optimiza­
tion or neighborhood structures at all, that should, at
least asymptotically, outperform any local optimization
algorithm based on a neighborhood SWk for some fixed
k. This is the "differencing" algorithm of Karmarkar
and Karp.

3.2. The Competition

The differencing algorithm runs in O(n log n) time. It
works by creating a tree structure with the elements of
A as vertices, and then forming a partition by 2-coloring
the tree and letting A i be the set of elements with color
i for i E { 1, 2}. (Such a coloring is unique and con­
structible in linear time.) The tree is constructed as
follows.

We begin with a vertex for each element, labeled by
the value of that element and declared to be "live." We
then repeatedly perform the following operations until
there is but a single live vertex: 1) Find the two live
vertices u and u with the largest labels (ties are
broken arbitrarily), and assume label(u) ~ label(u). 2)
Add an edge between u and u, declare u to be "dead,"
and set label(u) = label(u) -label(u). (This operation
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Figure 9 presents a "time exposure" of an individual
annealing run on a random 100-element instance, using
the SW2 neighborhood structure and SIZEFACTOR '"
16. (The generic termination conditions were turned off
and the time exposure was run until visual evidence
indicated that "freezing" had set in.) The x-axis of the
plot measures time, or more precisely, the number of
calls to NEXT _CHANGE( ) divided by the neighbor­
hood size N = 5,050. The y-axis gives the value of the
objective function on a logarithmic scale. The points in
the plot represent the current solution value, as sampled
once every 5,050 steps. Also depicted is a horizontal line
with the y-coordinate equal to the value of the solution
found by the Karmarkar-Karp algorithm.

Note that although the best solution encountered was
better than the Karmarkar-Karp solution, the value to
which the process converged was substantially worse,
and indeed was little better than the average value seen
during the last quarter of the cooling schedule. This is in
contrast to standard annealing time exposures like those
for graph coloring in the previous section, where the
process converges essentially to the best value seen.
Since our implementation outputs the best solution seen
rather than the last, this is not a fatal defect, although it
does indicate that the neighborhood structure is having a
rather striking effect on the annealing process.

These anomalies will also confuse our generic termi­
nation test, which was predicated on the assumption that
"freezing" began when one stopped seeing improve­
ment in the current "champion" solution. As suggested
by Figure 9, the time at which the final champion

Figure 9. The evolution of the solution value for a
random loo-element instance under simulated
annealing with the 2-swap neighborhood
structure, compared to the solution found us'
ing the Karmarkar-Karp algorithm (dotted
line). (Note that one isolated annealing data
point falls below the dotted line.)
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I A I moves we rescramble the permutation and start
over. This approach was mentioned in Part I and was
observed to yield a more efficient use of time. It also
helps ensure that the annealing process will end up with
a solution that is truly locally optimal (if there is an
improving move, it must be encountered sometime in the
next 2 n trials). An analogous process is used for the
SW2 case, only now we work from a permutation of all
1- and 2-element subsets X of A.

Since we were mainly interested in deriving rough
order-of-magnitude estimates of tradeoffs between run­
ning time and the quality of the annealing solutions
found, we did not do extensive experiments to optimize
the parameters of the generic algorithm, but merely
adopt reasonable values based on the lessons learned
from our experiments with graph partitioning in Part I.
(We did find it necessary to modify the generic termina­
tion condition, however, due to the anomalous way that
annealing behaves for this problem; see the next section.)
In particular, we set INITPROB = 0.5 and TEMP­
FACTOR = 0.9, and adjust the length of time spent in
the annealing process by varying SIZEFA CTOR. (For
these experiments we kept CUTOFF = SIZEFACTOR;
i.e., cutoffs were not used.)

The remaining detail to be filled in is the method for
selecting the starting temperature. As no one temperature
seemed to work equally well for all n, we chose to use
an adaptive method. To explain this, we should say a
little bit about how our experiments were performed.
For each instance and value of SIZEFACTOR consid­
ered, we performed 10 annealing runs, all with the same
starting temperature. This common starting temperature
was based on the average uphill move encountered when
calling NEXT _CHANGE( ) N times (where N was the
neighborhood size) for each of 10 randomly chosen
initial solutions produced by INIT_SOLN( ). The initial
temperature was chosen so that the probability of accept­
ing this average uphill move was INITPROB = 0.5.
Such a technique is simpler but somewhat less accurate
than the "trial run" technique used for selecting starting
temperatures in Part 1. It tends to result in higher initial
temperatures, and hence, somewhat longer running times.
Fortunately, our results did not depend on the fine
details of the running times, as we shall see.

3.4. Experimental Results

All our experiments concern random instances of the
type discussed in Section 2.1. In order that rounding
effects not obscure the quality of the solutions generated
by the Karmarkar-Karp algorithm, each input number
was generated in multiprecision form, with 36 decimal
digits to the right of the decimal point, and multi­
precision arithmetic was used throughout.
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appears may be a random phenomenon, only tangentially
related to the convergence of the annealing process.
Since for this study we were interested in the final frozen
value as well as the champion, we modified the termina­
tion conditions in the experiments reported below as
follows: To halt, we require that the acceptance ratio be
less than MINPERCENT = I % and that the solution
value remain unchanged during each of the last 10
temperatures (or more precisely, that the values reported
at the end of each of those temperatures all be the same).

With this change, we ran a suite of experiments on a
ZOO-element random instance, and a 500-element random
instance, summarized in Figures 10-13. Our first exper­
iment concerned the 200-element instance and the I-swap
neighborhood. We performed 10 trials each with SIZE­
FACTOR taking on values equal to the powers of 2
running from 2 to 2,048. Figure 10 depicts the final and
best solutions found for each run, marked by "o"s and
" + "s, respectively, and plotted as a function of running
time. For comparison purposes, the value of the solution
found by the Karmarkar-Karp algorithm is once again
represented by a horizontal dotted line.

In contrast to the behavior of annealing on graph
, partitioning and graph coloring, here the final annealed

solution values do not appreciably improve as running
time increases, but remain in the vicinity of the expected
smallest move for this neighborhood, i.e., 1/200 =

0.005, far above the Karmarkar-Karp solution. To be
more precise, the average of log JO( difference) over all
final solutions found (regardless of running time) is
- 2.27, whereas log JO(l /200) = - 2.30. Interestingly,
the smallest possible move for this instance is uncharac­
teristically large, slightly bigger than 0.03, yielding
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log 10(0.03) = - 1.52, and I-swap local optimization only
has - 1. 80 as its average value for log JO( difference).
Thus, although time spent on annealing in excess of 50
seconds seems wasted if one is interested only in final
solutions, that first 50 seconds seems to have been worth
something.

The best solutions tell a different story: these im­
proved steadily with increased running times, approach­
ing the solution value obtained by the Karmarkar-Karp
algorithm. Note, however, that in this range we are
spending well over 10,000 times the 1.1 seconds re­
quired by Karmarkar and Karp, which is enough time for
over 100,000 runs of I-swap local optimization (ignoring
input time, which can be amortized, 10 such runs can be
performed in a second). Figure II compares our anneal­
ing results with those obtained by spending an equivalent
amount of time performing local optimization from ran­
dom starts. For each value J = 500, 1,000, ... ,
512,000, we perform 10 independent sets of J runs of
local optimization, and plot the best solution in that
subset versus the overall running time for the group (as
estimated from our figure for the average time per run),
These points, marked by 'o's, were then combined with
the data points for annealing bests from Figure 10.

Note that across the board local optimization does just
as well as annealing, if not better. Moreover, even if we
could speed up our annealing implementation by a factor
of 4, the resulting comparison (obtained by shifting the
local optimization data points two steps to the right)
would still be about equal. When we turn to the 2-swap
neighborhood, or larger instances under the I-swap

S[MULATED ANNEALING VERSUS LOCAL OPTIMIZATION

Running Time in Seconds

Figure 10. Final and best solutions (o's and + 's, re­
spectively) found by I-swap annealing for a
random 200-element number partitioning in­
stance, as a function of running time as
SIZEFACTOR increases from 2 to 2,048.
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by performing multiple starts of local opti­
mization for an equivalent amount of time
(o's). (Results are for the 200-element in­
stance of Figure 10, with both algorithms
using the I-swap neighborhood.)
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ZOO-ELEMENT INSTANCE, Z-SWAP NEIGHBORHOODS

10" c-------------------

Figure 12. Comparison for the 2-swap neighborhood of
best solutions found on annealing runs (+ 's)
with best solutions found by performing
multiple starts of local optimization for an
equivalent amount of time (o's). (Results are
again for the 200·element random instance
of Figure 10, and the dotted line represents
the Karmarkar-Karp solution.)
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Figure 13. Comparison for the I-swap neighborhood
and a 500-element random instance of besl
solutions found on annealing runs ( + 's) with
best solutions found by performing multiple
starts of local optimization for an equivalent
amount of time (o's).
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from 1-512. (The final values found were again rela­
tively independent of running time, with the average of
log JO( difference) for all annealing runs being - 3.57,
compared to - 3.04 for local optimization and - 2.7 for
log JO(l /500). For this instance, the smallest possible
move was substantially smaller than expected.)

Once again, local optimization substantially outper­
forms annealing on a time-equalized basis. Also, as
expected, both annealing and local optimization are much
further away from the Karmarkar-Karp solution value
than they were in the 200-e1ement case, This is true even
if we allow for a linear increase in running time with
instance size, as happens with annealing when we com­
pare results for a fixed value of SIZEFACTOR. For
example, when SIZEFACTOR = 512, the median an­
nealing best is only 40 times larger than the Karmarkar­
Karp solution when n = 200, whereas it is roughly
10,000 times larger when n = 500. For local optimiza­
tion and equivalent running times, the corresponding
ratios are roughly 40 and ISO-still growing, but not
quite so rapidly.

We performed limited experiments using the 2-swap
neighborhood on the 500-element instance, but, within
the 100,000 second time bound (approximately 30 hours)
neither 2-swap annealing nor 2-swap local optimization
did as well as our I-swap results. (The quadratic growth
rate of the 2-swap neighborhood seems to have begun to
take its toll; one run of 2-swap local optimization takes
40 seconds on average, versus 0.25 seconds for I-swap
local optimization.) Thus, although we could approach
and even surpass the performance of the Karmarkar-Karp
algorithm when n = 200, given large but feasible
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neighborhood, the comparison is no longer close, and
multiple start local optimization substantially outper­
forms annealing, as can be seen in Figures 12 and 13.

Figure 12 shows the results for the 2-swap neighbor­
hood and the 200-element instance of Figures IO and 11.
The best solutions found by annealing during 10 runs
each for SIZEFACTOR = 0.25, 0.5, 1,2,4 and 8 are
plotted, along with the best solutions found during 10
trials each of 150, 300, 600, 1,200, 2,400 and 4,800
local optimization runs. (For the 2-swap neighborhood,
local optimization takes about 6.5 seconds per run, so
150 runs take roughly 1,000 seconds.) Many data points
fall below the line representing the Karmarkar-Karp
solution, although most of them come from local opti­
mization. The annealing bests appear to be only slightly
better on average than those obtained in equivalent time
using the I-swap neighborhood, as shown in Figure 10.
(Although not depicted here, the final values found by
annealing were again relatively independent of running
time, and slightly better than those obtained by local
optimization. Here the average of 10gJO(difference) for
all annealing runs was -4.76, compared to -4.60 for
local optimization. Both these values are substantially
better than those we obtain using the I-swap neighbor­
hood structure, and presumably reflect the fact that much
smaller moves are possible with the S W2 , on the order
of 1/200 2 instead of 1/200; note that log JO(l /2002

) =
-4.53.)

Figure 13 shows the results for a 500-element instance
and the I-swap neighborhood. Here annealing was run
with values of SIZEFACTOR going up by factors of 2
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(1985) and Kirkpatrick, Gelatt and Veechi (1983): the
traveling salesman problem.

In performing our final experiments for that paper
shall take into account several lessons learned from ilie
experiments reported here. First, due to difficulties we
encountered, it has become clear iliat both our starting
and terminating procedures need revision.

Our current termination tests ask whether FREEZE_
LIM consecutive temperatures have occurred in which:
a) the acceptance ratio was below MINPERCENT, and
b) no improvement in the best solution seen has taken
place. For several types of instances encountered, we
had to make major changes in ilie termination parameters
simply because an abundance of O-cost moves kept ilie
acceptance frequency high, even though no further im­
provement in cost was occurring. Thus, the termination
condition should probably be altered so iliat only ilie rate
at which uphill moves are accepted is relevant (a very
simple modification).

We also found ourselves regularly having to choose
starting temperatures in an ad hoc manner because the
generic methods we had devised for this (using either
trial runs or multiple calls to NEXT _CHANGE) were
not sufficiently robust. We suspect that, for most prob­
lems, starting temperatures can be determined using
simple problem-specific formulas (analytically or empiri­
cally derived) that depend only on the desired initial
acceptance ratio and a few easily computable parameters
of the instance. For instance, I V I and IE I might well
suffice in the case of graph coloring. Thus, there is
likely to be a problem-specific INITIAL_TEMP routine
in our future implementations.

A final observation is that the running-time/quality­
of-solution tradeoff inherent in most annealing imple­
mentations may well extend far beyond the standard
limits of acceptable running time. In our graph coloring
experiments, we saw positive results come out of runs
that took a week or more of continuous computing. That
this may be of more than academic interest follows from
the rapid rate at which the price of computer cycles is
declining. That compute-week could be almost free if it
were spent on one of the idle personal computers iliat
now decorate many offices, or it could be an overnight
background run on one of the much faster machines
becoming more widely available. For problems in which
the economic value of finding improved solutions is
substantial, this is a thought to keep in mind.

AARTS, E. H. L., AND J. H. M. KORST. 1989. Simulated
Annealing and Boltzmann Machines. John Wiley &
Sons, Chichester, U.K.
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4. CONCLUSION

amounts of running time, our luck seems to have run out
by the time n = 500.

We did not perform experiments for values of n > 500,
but the trends are already obvious and conform to our
expectations: Annealing (and local optimization, to a
slightly lesser extent) will be even more substantially
outclassed by Karmarkar Karp as n continues to in­
crease. Note that typically values for log 10

(Karmarkar-Karp) are less than: -13 for n = 1,000
(in 6.5 seconds), - 16 for n = 2,000 (in 13.6 seconds),
and -24 for n = 10,000 (in 75.8 seconds). Thus,
number partitioning, at least for the types of ran­
dom instances we have been considering, illustrates the
limitations of simulated annealing as a general technique.
When the solution space is sufficiently mountain­
ous, annealing's advantage over straightforward multiple
start local optimization can be lost entirely. Moreover,
other approaches, not tied to the concept of navigating
around a solution space, may be able to outperform it
substantially.

There remains the question of wheilier some oilier
neighborhood structure for the problem, perhaps using
different notions of solution and cost, might prove more
amenable to annealing. We do not rule out this possi­
bility, although at present we see not reasonable al­
ternatives. The natural idea of modifying the annealing
implementation by replacing difference as the objec­
tive function by loge difference) appears to be of little
help, based on limited experiments. We leave ilie invest­
igation of additional possibilities to future researchers.

In this paper, we consider implementations of simulated
annealing for two problems that had previously not been
thought accessible to local optimization and its variants:
graph coloring and number partitioning. Our graph col­
oring results, as summarized in Section 2.5, were gener­
ally positive for simulated annealing, assuming one can
tolerate the large computation times involved. The re­
sults for number partitioning were, as expected, decid­
edly negative, with annealing substantially outperformed
by the much faster Karmarkar-Karp algorithm, and even
beaten (on a time-equalized basis) by multiple start local
optimization.

This all fits in with the view expressed in Part I of this
paper (Johnson et aI. 1989), iliat annealing is a poten­
tially valuable tool but in no ways a panacea. Part III
(Johnson et aI. 1990) will conclude this series with an
exploration of how well simulated annealing does against
the more traditional competition on perhaps the most
famous combinatorial optimization problem of them all,
and the one for which it was originally touted by Cerny
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